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Variational principleA simple bilinear functional F is introduced on behalf of the Milne subcritical problem with replication
parameter 0 6 c 6 1. This functional depends upon two arguments, respectively intended to be the neu-
tron ﬂux and its adjoint, and is stationary about the true solution pair where, in addition, it vanishes. The
stationarity and null value can then be united as a basis for the demand that F continue to vanish even
when ﬂux and adjoint are both approximated by just the two modes from the discrete eigenvalue spec-
trum, a representation akin to what is known as the asymptotic portion of the neutron ﬂux, and one
which is clearly incapable of matching interface boundary conditions. The stationarity of F, however, ren-
ders it tolerant of such boundary defect, as a result of which one can expect the persisting null demand,
F ¼ 0, to yield the best possible value for the ratio of the two discrete mode amplitudes.
We go on to implement this program, and ﬁnd as its outcome that the optimum amplitude ratio is
determined as one preferred solution of a simple quadratic equation. With that solution in hand, it is
an easy step then to a computation of the linear extrapolation length k. We follow through with a numer-
ical embodiment of these ideas, obtaining the discrete, real and positive eigenvalue m0 on the run via a
Newton–Raphson tangent encroachment root hunt. With sufﬁcient start-up care the Newton–Raphson
root hunt proves here to be exceedingly rapid, and it, together with the quadratic underpinning, provides
for k a string of values that differ by less than 0.5% from those found in the classic compendium on neu-
tron transport from the pens of Case, de Hoffmann, and Placzek. In particular, we are able to bypass in this
way, and with quite elementary tools indeed, a known canonical machinery of far greater weight and
sophistication, be it based upon the Wiener–Hopf method, or else upon ﬂux decomposition along both
discrete and singular eigenfunction modes. To our way of thinking, such a simple alternative is aesthet-
ically pleasing in its own right, and both provides a measure of conﬁrmation to, and is itself checked by,
the more formidable apparatus.
 2014 The Authors. Published by Elsevier Ltd. This is anopenaccess article under the CCBY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/3.0/).Fig. 35,
epresent1. Overview
The Milne problem linear extrapolation length k is part of the
common lingua franca of nuclear reactor theory, and certainly does
not lack for quantitative documentation. Its a priori analytic gene-
sis, however, as found in Eq. (21a) on p. 137 of Case et al. (1953),
leans on a related extrapolation length z0, which latter emerges
from a nontrivial quadrature in Eq. (21) on p. 134 preceding, quad-
rature which invokes a certain canonical function g (Eq. (31) onp. 71; graphical display in Fig. 19 on p. 72; tabular record in
Table 11 on pp. 73–75).1
Our purpose in this note is to set down a rather simple, ad hoc
functional structure F which will alleviate much of the analytic
complexity thus adumbrated on the heretofore rocky road towardy at the
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J.A. Grzesik / Annals of Nuclear Energy 73 (2014) 382–386 383k. Indeed, the only vestige of that road will be a continued, deliber-
ately enforced presence of the rigorous relaxation length m0 (real
whenever c < 1 and then explicitly taken as positive), obtained
as a solution to the canonical eigenvalue equation
1 ¼ cm0
2
ln
m0 þ 1
m0  1
 
: ð1Þ
Condition (1) ensures of course that both discrete modes
uðlÞez=m0 ¼
cm0
2ðm0  lÞ e
z=m0 ð2Þ
(l being, as is usual, the cosine of the neutron ﬂight angle, more
explicitly deﬁned in connection with Eq. (3) below) satisfy the
Boltzmann equation with spatial variation only along coördinate z
(measured in units of one mean free path) perpendicular to the pla-
nar interface which delimits the material half-space in Milne’s
problem (that interface being conveniently placed at z ¼ 0, with
the material per se deemed to be present wherever z > 0). As is
well known, m0 is real and, in magnitude, no less than 1 when
0 6 c 6 1 (absorptive regime), and purely imaginary if instead
c > 1 (ﬁssile regime). In the work that follows we altogether avoid
the ﬁssile regime and obtain real m0 on the run from an application
to (1) of a simple Newton–Raphson root-hunting iteration.
Functional F, having two arguments w and wy and linear in each
one of them,2 has the simple structure of an inner product akin to
that of a traditional Hilbert space, this inner product being secured
as an integration over both the spatial variable z and cosine l of
angle # separating the interface perpendicular from the neutron
ﬂight direction, standard nomenclature through and through. In
the following we shall consider wðz;lÞ to be close to uðz;lÞ, the true
Milne problem distribution, allowed to remain undisclosed but
required nonetheless to satisfy the underlying Boltzmann equation
Buðz;lÞ ¼ l @uðz;lÞ
@z
þuðz;lÞ  c
2
Z 1
1
uðz;l0Þdl0 ¼ 0; ð3Þ
which amounts touðz;lÞ being annihilated by operator B (B is short
for Boltzmann). Also in play will be its small departure
dwðz;lÞ ¼ wðz;lÞ uðz;lÞ ð4Þ
from that true solution, which latter satisﬁes the boundary
condition
uð0;lÞ ¼ 0 for 0 < l < 1; ð5Þ
whereas wð0;lÞ itself need not.1 (continued) Allusions to the (unqualiﬁed) extrapolation length z0, couched now in
the more modern idiom of singular solutions to the Boltzmann transport equation,
but leading to results equivalent to those found in Case et al. (1953), are scattered
throughout Case and Zweifel, 1967, p. 142 onward.
We resist dwelling any further upon the deﬁnition of qasym, ﬁrst on the grounds
that it can reasonably be presumed to be a standard ﬁxture amid the nuclear
engineering/neutron transport theory folklore, and second because to do otherwise
would necessitate writing an entire tutorial monograph for which, clearly, no sort of
mandate can be expected to exist at this point. However, one should point out that, in
addition to the k versus z0 dichotomy already declared, the subject is further blurred
by the resemblance of qasym to its cousin associated with a diffusive transport
approximation, and the fact that extrapolation lengths in spherical geometry differ
from their planar counterparts (being associated, in the former, with various levels of
the approximate Mark and Marshak boundary conditions). A lucid synopsis of these
matters is found on pp. 95–101 in Bell and Glasstone (1970), whose ten chapters
provide in addition a cornucopia of pointers to original sources from the nuclear
engineering literature.
2 The dagger superscript indicates a reversal in neutron ﬂight direction, expressed
as a simple sign change in the relevant argument l, such reversal being deﬁned below
in the discussion immediately preceding Eqs. (6) and (7). And then, at some risk of
appearing overly pedantic, one should point out that operator By in (6) is not a true
adjoint vis-à-vis inner product (11), simply because, as Eq. (14) further along makes
clear, account must be taken of integrated, boundary terms when seeking to transfer B
from right to left while B morphs into By .In like fashion, wyðz;lÞ will be regarded to entail but a small
departure from the true adjoint in angle, uyðz;lÞ ¼ uðz;lÞ, with
Byuyðz;lÞ ¼ l @u
yðz;lÞ
@z
þuyðz;lÞ  c
2
Z 1
1
uyðz;l0Þdl0 ¼ 0 ð6Þ
and, in tandem with (5),
uyð0;lÞ ¼ 0 for  1 < l < 0; ð7Þ
while
dwyðz;lÞ ¼ wyðz;lÞ uyðz;lÞ ð8Þ
as the counterpart of (4). And, just as with wð0;lÞ vis-à-vis (5), so
also here wyðz;lÞ is exempt from obedience to (7).
Solution uðz;lÞ and its adjoint are built up as linear superposi-
tions of the two discrete modes from (1) and (2), and the spatially
decaying modes from the continuous spectrum 0 < m < 1, each of
the latter being proportional to
ez=m ð9Þ
and collectively instrumental in assuring a satisfaction of the non-
reëntrant condition (5), and, among the former, ez=m0 being assigned,
when in fact c < 1, the task of simulating an unbounded neutron
population buildup on approach, as z !1, to a deeply buried,
otherwise unspeciﬁed source. Here, however, we shall seek to
approximate them with just
wðz;lÞ ¼ AþuþðlÞez=m0 þ AuðlÞez=m0
wyðz;lÞ ¼ AþuðlÞez=m0 þ AuþðlÞez=m0
)
; ð10Þ
which have the aspect of what would normally be regarded as the
respective asymptotic parts (cf. the preliminary discussion under
Footnote 1).3
The preliminary apparatus thus far delineated must be still fur-
ther augmented with a deﬁnition of a suitable inner product ðf ; gÞ
for functions of the sort now contemplated. This need is easily met
by setting
ðf ; gÞ ¼
Z 1
0
dz
Z 1
1
dlf ðz;lÞgðz;lÞ; ð11Þ
with an implied restriction, of course, to functions f and g whose
spatial decay is sufﬁcient to assure quadrature convergence across
the material half space 0 < z < 1.
With the language of discourse thus ﬁrmly in place, we can turn
now toward the task of constructing our simple functional F, exhib-
iting its stationarity around the true (and, in these pages at least,
perpetually unknown) pair fuy;ug, and, on the basis of that3 A designation as ‘‘Milne’s problem,’’ when further accompanied by an effort to
compute the two extrapolation lengths k and z0 just now mentioned, should, strictly
speaking, be conﬁned to the range 0 6 c 6 1 for replication parameter c, but
otherwise taken with an elasticity of meaning, cum grano salis, for c > 1. Indeed, when
c > 1 the corresponding m0 is purely imaginary, with the result that, on the basis of
retaining just the two discrete modes, as is proposed in Eq. (10), it is no longer
possible to imitate neutron buildup to some effective source of inﬁnite strength
deeply recessed within the medium. This caveat being conceded, one nevertheless
retains the ‘‘Milne’s problem’’ appellation even when cP 1. (One should perhaps
point out that Georg Placzek’s classic paper under this title Placzek and Seidel (1947)
does retain a full half-space model, but otherwise concerns itself merely with the
purely scattering case having c ¼ 1. Its Wiener–Hopf methodological underpinning
can be traced to Wiener and Hopf (1931).) The practical utility of Milne problem
extrapolation lengths thus formally associated with ﬁssile situations having c > 1 is
that they can later be harnessed, in an approximate way, when seeking to determine
the critical thickness of a ﬁnite slab, or else the radius of a critical sphere, both of
which, by physical necessity, must sustain ﬁssile productivity in some amount as
measured by an excess of c above unity. Here, however, the simple analytic scheme
about to unfold founders when one attempts to apply it to the ﬁssile regime, and this
because our key formula (27) can then no longer be entertained. And so, amid much
regret, we are forced to sidestep such extension entirely.
5 Needless to say, by virtue of linearity, it is only the ratio f ¼ Aþ=A that really
matters.
6 Expression (27) offers an opportune point at which to demonstrate the difﬁculties
which arise when c > 1, and thus to validate our reluctance, nay, our very inability to
enter the ﬁssile regime. In that regime, we ﬁnd a purely imaginary m0 ¼ ir0, with r0
purely real. If then we insist, as we must, upon a real k > 0, then there remains no
alternative but to have f ¼ i (for r0 P 0). Reference to (21) then shows that this
amounts to setting a ¼ b, or else
2
r20 þ 1
¼ ln 1þ 1
r20
 
: ð28Þ
We note at once that one unique solution of (28) does exist. Indeed, as r0 migrates
from 0 to 1 (replication parameter c in the meanwhile descending from 1 to 1),
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for extrapolation length k.
2. Functional F and its stationarity around fuy;ug
And so we deﬁne
F½wy;w ¼ ðwy;BwÞ þ
Z 1
0
lwyð0;lÞwð0;lÞdl: ð12Þ
A departure of fwy;wg away from fuy;ug, after the fashion of (4)
and (8), now gives, to ﬁrst order in the individual variations
dF½wy;w ¼ ðdwy;BuÞ þ ðuy;BdwÞ þ
Z 1
0
ldwyð0;lÞuð0;lÞdl
þ
Z 1
0
luyð0;lÞdwð0;lÞdl: ð13Þ
Apart from being everywhere small, nothing is required of dwðz;lÞ
beyond exhibiting a decay as z !1 sufﬁciently strong to assure
convergence of ðuy; BdwÞ. In particular, this means that dwðz;lÞ
must submit to the task of overwhelming the exploding source
mode expðz=m0Þ. Of course, all of these remarks carry over essen-
tially verbatim to dwyðz;lÞ.4
Now the ﬁrst inner product on the right in (13) vanishes by rea-
son of (3), whereas the second is transformed under an integration
by parts into
ðuy;BdwÞ ¼ ðByuy; dwÞ 
Z 1
1
luyð0;lÞdwð0;lÞdl: ð14Þ
And again the inner product on the right in (14) vanishes, this time
because of (6), while the nonemergent boundary condition (7) on
uyð0;lÞ restricts the integration range in that which remains to
positive values only of cosine variable l. On putting all of this
together, we ﬁnd (13) reduced to just
dF½wy;w ¼
Z 1
0
ldwyð0;lÞuð0;lÞdl: ð15Þ
A ﬁnal reference to the nonincoming boundary condition (5) on
uð0;lÞ clinches the entire matter so as to yield the desired stationa-
rity condition
dF½wy;w ¼ 0; ð16Þ
it being understood that we neglect here the next higher, quadratic
level of smallness, on the order of the product dwyðz;lÞdwðz;lÞ.
3. Amplitude A% determination
If now we insist on utilizing fwy;wg from (10) as an approxima-
tion to the true fuy;ug, we must at the very outset concede a total
inability to comply with non-reëntrant boundary condition (5). As
a credit against this variance, we have of course the established
insensitivity (16) to any such lapses in compliance. And so, since
F½uy;u ¼ 0; ð17Þ
we may reasonably expect that on continuing to set
F½wy;w ¼ 0 ð18Þ4 The suggested structure of (10), wherein wðz;lÞ and wyðz;lÞ are required to be
adjoints of one another, and thus not really independent, is prejudicial, on its face, to
the tacitly assumed independence in their variations dwðz;lÞ and dwyðz;lÞ. Such
paradoxical incongruity is resolved, however, by continuing to assert that indepen-
dence while reserving enforcement of (10) to the slightly later stage initiated under
Eq. (20), an enforcement which, naturally, is consistent with, and mimics the bona ﬁde
adjoint relationship of the true, and persistently unknown solutions uðz;lÞ and
uyðz;lÞ to (3) and (6), with boundary conditions (5) and (7), respectively.we shall obtain a promising estimate of unknown amplitudes A.5
And then, since
ðwy;BwÞ ¼ 0; ð19Þ
this latter amounts to writing
Z 1
0
lwyð0;lÞwð0;lÞdl ¼ 0: ð20Þ
Reference to (2) then gives, after a short calculation,
bf2 þ 2ða bÞfþ b ¼ 0; ð21Þ
with
a ¼ 1
m20  1
ð22Þ
and
b ¼ 1
2
ln
m20
m20  1
 
¼ 1
2
lnð1þ aÞ; ð23Þ
whence it follows that
f ¼
1
b
ða bÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aða 2bÞ
q 
: ð24Þ4. Extraction of linear extrapolation length k
We may set next
qasymðzÞ ¼ Aþez=m0 þ Aez=m0 ð25Þ
as an approximation for the asymptotic density that is consistent
with the ﬁrst line from (10). From this the linear extrapolation
length
k ¼ qasymð0Þ
q0asymð0Þ
ð26Þ
follows as
k ¼ m0 1 þ f1  f
 
; ð27Þ
with subscript  signifying that choice of sign  in quadratic solu-
tion (24) which assures a positive k. Such sign selection is adjudi-
cated as part of the numerical implementation about to ensue.6both sides of (28) decrease monotonically to zero, that on the left beginning at 2,
while that on the right diverging to 1. But one crossover does occur for r0 sufﬁ-
ciently large, because then the left is approximated by 2=r20 whereas the right by just
one half this, 1=r20. At the same time we learn from (1) that
1 ¼ cr0 arctan 1r0
 
; ð29Þ
which mandates that r0 move in response to movement in c. Hence, even though
(28) can be satisﬁed at some one value of c, the prospect of its global satisfaction
across the entire interval 1 < c < 1 is doomed from the outset. Stated otherwise,
we must conﬁne our simpleminded analysis to just the absorptive regime 0 < c < 1.
J.A. Grzesik / Annals of Nuclear Energy 73 (2014) 382–386 385Also in need of numerical conﬁrmation, of course, is the tacit
assumption that both quantities f are properly real. At this early
point all that we can claim about them on the basis of the palin-
dromic aspect of (21), or else directly from (24), is that they are
inverses of one another, f ¼ 1=fþ. That fact alone sufﬁces to nar-
row the ambiguity in connection with (27) to a mere sign at each
value of c. Indeed,
1þ f
1 f
¼ 1þ fþ
1 fþ
: ð30Þ11 Detailed scrutiny of the computed data underlying Figs. 1 and 2 conﬁrms that f
are proper inverses of one another, both of them uniformly negative, but of such
magnitudes that only fþ provides in (27) a positive numerator 1þ fþ , and this across
the board, and hence an extrapolation length k that is physically acceptable by virtue
of its positive sign. Eq. (30) is of course conﬁrmed as a matter of course. Furthermore,
quantity a 2b ﬁguring within the square root in (24) is veriﬁed to be strictly
positive, in consequence of which f are absolved of any suspicion of straying away
from the axis of reals.
All in all the leapfrog Newton–Raphson root hunt now outlined never requires
more than six iterations, and in fact it gets by most of the time with just three.
Program run times are essentially instantaneous. Spot checks of our j0 against
Table 9 from Case et al. (1953) mesh happily, and with a resolute regularity, across all5. Numerical results
Computations based upon Eqs. (22)–(24) and (27) require of
course a participation on the part of a real positive m0 > 1
consistent with (1) and thus responding to change in c across
the entire absorptive range 0 6 c 6 1. For each value of c we
obtain the corresponding m0 by an iterative Newton–Raphson
process,7 with its encroaching estimates, indexed by integer
jP 0, abbreviated as gj and evolving in accordance with the
explicit pattern
gjþ1 ¼ gj
 cgj
2
ln
gj þ 1
gj  1
 !
 1
" #
c
2
ln
gj þ 1
gj  1
 !
 cgj
g2j  1
" #1
: ð31Þ
The process is brought to a halt when the revised value gjþ1 falls
with a  tolerance band around its predecessor gj, viz.,
j gjþ1  gj j< : ð32Þ
We presume the value of gjþ1 thus attained to be converged at m0.
8
The numerical results displayed below rely upon an  arbitrarily set
at the sufﬁciently stringent value  ¼ 108.
Also involved is the issue of an apropos iteration startup g0. At
this point there intrudes the complication that the growth in m0 is
exceedingly sluggish (cf. Table 9 on p. 63 and Fig. 16 on p. 56 in
Case et al. (1953)). This forces us to defer the onset of our own tab-
ulation to be no less than c ¼ 0:1, and then, in order to undershoot
the sluggish increase of m0, to set, on ﬁrst entry, g0 ¼ 1:0þ 1015,
excruciatingly close to 1.9 Thereafter g0 is allowed to simply leap-
frog across updates at the latest converged value m0 as the replication
parameter advances toward c ¼ 0:999 in steps of 0.001.
The outcome of the numerical procedure thus outlined is sum-
marized in Figs. 1 and 2, both plotted against abscissa c, the ﬁrst of
which, in the rôle of a preliminary, is devoted to the eigenvalue
inverse j0 produced by Eqs. (31) and (32), while the second con-
veys the linear extrapolation length k as based upon Eq. (27).
And, by way of afﬁrmation, Fig. 2 also displays the corresponding
values for k that are found in Table 2310 on p. 136 and Fig. 35 on
p. 138 in Case et al. (1953). Our Fig. 1 is readily acknowledged to7 It is amusing to remark that this subordinate process of root determination,
depending as it does upon movement along tangents to points of axis crossing,
partakes of the very notion (26) whereby k itself is constructed. Note should also be
made of the fact that the entire root hunt apparatus can be sidestepped in favor of a
parametric procedure simply by elevating m0 in (1) to the rôle of an independent
variable, with cðm0Þ demoted to dependent status. However, with numerical advance
along a uniform grid in m0, Eqs. (1), (22)-(24), and (27) (with f ¼ fþ per Footnote 11)
encounter data management difﬁculties both near m0 ¼ 1þ (excessively rapid growth
in c) and as m0 " 1 (where growth in c stagnates around c " 1).
8 Throughout Case et al. (1953) there is a preference for equations phrased in terms
of the inverse quantity j0 ¼ 1=m0.
9 Double precision arithmetic in FORTRAN is obligatory throughout.
10 In Case et al. (1953), k is computed and plotted over the substantially more ample
replication range 0 6 c 6 3. Such prolongation into supercritical territory is subject of
course to the reservation indicated under Footnote 3.be a replica of Fig. 16 from Case et al. (1953), while Fig. 2 does not
deviate too severely from its Fig. 35, the slight defects, such as they
are, asserting themselves, as one would expect, only on approach to
the critical regime transition at c ¼ 1. In view of the fact that the
simplicity of our analytic apparatus on behalf of k stands in such
glaring contrast to the combined complexity of the trio of equations,
(31) on p. 71, (21) on p. 134, and (21a) on p. 137, which are
necessarily harnessed together for the same task in Case et al.
(1953), our slight discrepancies in k as c ! 1 may perhaps be
forgiven.11
Indeed, with an accurate tabulation for c ¼ 0:100ð0:001Þ0:999
thus properly in hand, it is a straightforward matter to rekindle
the Newton–Raphson process at any intermediate stage cj simply
by utilizing gj1 as an initial start-up and proceeding thereafter
across some suitably reﬁned ladder of steps in c. In particular, by
invoking this notion so as to yield a blow-up end-point tabulation
for c ¼ 0:9990ð0:0001Þ0:9999 with g998 ¼ 12:920284 . . . as start-
up, we arrive at c ¼ 0:9999 with m0 ¼ 57:737336 . . . and
k ¼ 0:70714214 . . .. And so, on comparing this latter value against
k ¼ 0:7104 from Case et al. (1953), we can conﬁdently claim that
their tabulations never exceed ours by more than 0.459% across
the entire nonﬁssile regime.
Reciprocally, from our modern vantage point of easy access to
virtually limitless computing power, we should stand in awe at
the labor and numerical solicitude which must have underlain
the tabular/graphical compilation assembled within Case et al.
(1953) and attributed to Bengt Carlson and Max Goldstein. Not to
be overlooked likewise is a variational attack upon the neutron
density close to the half-space boundary when c ¼ 1. This latter,
reported in LeCaine (1947), builds upon the work from Placzek
and Seidel (1947) and its further development in Mark (1947) by
constructing a Rayleigh-type ratio12 for the neutron density
(LeCaine, 1947, Eq. (5)). This ratio is stationary around the correct
density and ultimately leads to the estimate z0 ¼ 0:7104457
(LeCaine, 1947, Eq. (10)). A corresponding evaluation,
z0 ¼ 0:71044609, attributed to B. Carlson and P.R. Wallace, appears
as Eq. (40) in Placzek and Seidel (1947).13 One should perhaps point
out that Placzek and Seidel (1947), LeCaine (1947) and Mark (1947)
are members of a quartet of papers all hovering around the Milne
problem with c ¼ 1 and published seriatim as one contiguous salvo.six decimal digits.
12 The general structure of such a stationary ratio is still further attributed to
Marshak (1947) in his study of the linear extrapolation length of a black sphere, work
which is summarized, together with that from LeCaine (1947), on pp. 209–213 in
Davison (1958).
13 From Eq. (21a) on p. 137 in Case et al. (1953),
k ¼ tanhðj0z0Þ
j0
; ð33Þ
or else from its inverse
z0 ¼ 12j0 ln
1þ j0k
1 j0k
 
; ð34Þ
it follows that, as j0 # 0þ together with c " 1, so also z0 ! k, which accounts for the
equality at the common value 0:7104 . . . in the corresponding line from Table 23 on
p. 136 of Case et al. (1953) and all kindred approximations of z0 sprinkled as a sort of
ubiquitous dust throughout the literature.
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Fig. 2. Milne problem linear extrapolation length k based upon variational apparatus (21)–(24) and (27).
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The war-time calculations archived under Case et al. (1953)
were considerably reﬁned as computing power blossomed in the
decades that followed. In particular, for the Milne problem linear
extrapolation length k per se one ﬁnds in Bond and Siewert
(1969) an assertion that
k ¼ 0:7104460895988 . . . ; ð35Þ
an altogether astonishing decimal depth supported by no more than
a telegraphic description of its calculational provenance. Anecdotal
claims have additionally surfaced to the effect that even (35) had
subsequently undergone improvement to a 24-digit accuracy, com-
pletely beyond any hope of practical impact in reactor design. Our
purpose, of course, is neither to challenge nor to improve upon such
feats of numerical acrobatics. On the contrary, our single and only
hope has been to show that plausible estimates (cf. Fig. 2 above)
to quantities such as that in (35) require merely the enveloping
blanket of Boltzmann’s equation (3) and are channeled therefrom
through the simple apparatus of Eqs. (22)–(24).
Similar variational tools have also been applied to the related
problem of neutron reﬂection and transmission across subcritical,
ﬁnite-thickness slabs. Spot checks upon the results thus attaineddovetail favorably with numerical predictions based upon Chan-
drasekhar’s H functions (Chandrasekhar, 1960). Although amply
documented, none of this latter work has ever been offered for
publication.
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